Abstract. A computational model for the total energy, including surface energy, of second order laminated microstructures is proposed. By studying the minimization property of this energy, we can numerically reveal how the twin widths of a second order laminated microstructure are related to the specimen's length and the surface energy density of a crystalline material. Numerical experiments on a 2-dimensional Ericksen-James type elastic model for crystals show that the twin widths of the first and second order laminates satisfy certain cubic rule.
Introduction
Microstructure is a commonly observed phenomenon in many elastic crystals. Martensite crystals are a kind of such crystals which have a high temperature phase (austenite) and a low temperature phase (martensite). Under certain temperature, austenite and martensite can transform from one to another, this temperature is called the transformation temperature. Austenite with a unique variant is a higher symmetric phase and martensite with several symmetry-related variants is a lower symmetric phase. Below the transformation temperature different variants of martensite can coexist and mix with each other in fine scales.
The simplest martensite microstructure is the so called simple laminates in which the twinned layers of two variants of martensite form into a laminate perpendicular to a certain direction. Laminates can be nested within a layer of another laminate to form a higher order laminated microstructure. In a laminated microstructure, a laminate is called the first order laminate if it is not nested in a layer of any other laminates, and is called a second order laminate if it is nested in and only in a layer of the first order laminate, and is called a kth order laminate if it is nested exactly in a layer of a (k − 1)th order laminate. A laminated structure is called a kth order laminated microstructure, if k is the highest order of the laminates in the structure. Figure-1 is an example of a higher order laminated microstructure [3] . The length scales, that is the widths of the twinned layers of the laminates, are found to depend on the specimen's dimension as well as the surface energy density on the interfaces between the martensite variants [1, 8, 9] . Mathematical analysis and numerical computations on the length scales of simple laminated microstructures with surface energy can be found in [5, 8, 9, 16, 17] among many others.
In the present paper, a mathematical model for computing the length scales of second order laminated structures is established. The idea is to minimize the total potential energy which is the sum of the elastic energy of the needle-like structures of the second order laminates near the interfaces between the layers of the first order laminate and the elastic energy near the specimen's boundary and the surface energy on the interfaces of second order laminates, and these potential energies can be considered as functions of the length scales, the specimen's dimension and the surface energy density defined on the sharp interfaces between the layers of the second order laminates. The key to an accurate numerical result is to accurately compute the elastic energy of the bending needle-like structures near the interfaces of the layers of the first order laminate. To minimize the mesh dependence of the numerical result, which can be significant and can cause serious problems [11, 17, 19] , the mesh transformation method is applied so that the mesh lines can follow the twin boundaries of the needle-like structures.
The rest of the paper is arranged as follows. In section 2, a mathematical model for the average energy density and the length scales of a second order laminated microstructure is established. The numerical experiments and results are presented in section 3, where we see that the twin widths of the first and second laminates satisfy certain cubic rule, more precisely, they are proportional to (l respectively, where l is the length of the square specimen and e s is the surface energy density defined on the interfaces between the two martensite variants.
2. Average Energy Density and Length Scales of Second Order Laminated Microstructure 2.1. Structure of second order martensite laminated microstructure. We restrict ourselves in the two-dimensional model. Let Φ(∇u(x), θ) be the elastic energy density for deformation gradient ∇u at temperature θ. Assume, for θ lower than the transformation temperature Θ T , the energy density Φ(∇u(x), θ) has two energy wells SO(2) U 0 and SO(2) U 1 , where SO(2) = {R ∈ R
2×2
: R T R = I, det R = 1.} is the set of all rotational matrixes, and
whereε is the transformation strain. Then it is easily verified that there exist R ± ∈ SO(2) such that U 0 and R ± U 1 are in rank-one connection. More precisely,
then, we have
where a
Thus the laminates can be formed between U 0 and R ± U 1 with an arbitrary given volume fraction τ ∈ (0, 1). We denote the laminates with the average deformation gradients of the form Q (2) and µ, λ ∈ [0, 1] the Martensite-1 and Martensite-2 respectively. It is not difficult to show that the Martensite-1 and Martensite-2 are in rank-one connection. In fact, we have [12] 
where
, a second order laminated microstructure with average deformation gradient
can be constructed by the layers of Martensite-1 (with average deformation gradient A + µ ) and Martensite-2 (with average deformation gradient QA − λ ) with volume fractions (1 − σ) and σ respectively, and it is easily seen, by (2.4) , that n(β) is the unit normal to the interfaces between the layers of the first order laminate (see Figure-2 and Figure- 2.2. Energy of needle-like structures. As the twinned layers of a second order laminate approach the interface of the first order laminate, they will, forced by the deformation continuity condition, bend into a needle-like structure satisfying certain energy minimizing property.
In this subsection, taking Martensite-2 as an example (see [16] for further information on needle-like microstructures), we will discuss the energy of a needlelike structure.
By Figure 2 and (2.4) (see [16] for details), it is easily seen that, for α = −π/4 (notice that n − = n(−π/4)), the periodic relationship
(2.8) holds for both the deformation of the twinned Martensite-2 with the twin width ω 2 and the average deformation of the twinned Martensite-1. This allows us to consider a periodic problem for the needle-like structure on a parallelogram with one pair of parallel sides, of which the length is | cos(
2 , perpendicular to n(β) and the other pair of parallel sides, of which the length is l 20 , perpendicular to n(α) (see Figure 2 and Figure 4 ). Let Ω 2 be such a parallelogram centered at 0. The boundary condition for the deformation u(x) of the needle-like structure can be given by
where ∂Ω ± 2 are the pair of sides perpendicular to n(α) and ∂Ω 2± are the pair of sides perpendicular to n(β), and
where I is the set of all integers.
Notice that, if u(x) = u n (x) on ∂Ω 2 , then it satisfies the periodic relation (2.8) and takes the value of the Martensite-2 twin laminate on ∂Ω 2+ and a linear function, which reflects the average deformation gradient of the Martensite-2 as well as that of the Martensite-1 twin laminates, on ∂Ω 2− . Denote
where p > 2 is determined by the energy density Φ(·, θ). Let the set of admissible functions U n (u n ; Ω 2 ) ⊂ U (u n ; Ω 2 ) be the set of all functions u ∈ U (u n ; Ω 2 ) such that the sets
where α ∧ β = min{α, β}, give Ω 2 an admissible decomposition for needles.
Let v ∈ U n (u n ; Ω 2 ), denote the elastic energy of the corresponding twin needles byẼ
and define the elastic energy of the minimizing twin needles by
To calculate E 2n (l 20 , ω 2 ) is equivalent to solve the problem find u ∈ U n (u n ; Ω 2 ) such that
Let v ∈ U n (u n ; Ω 2 ), denote byl 2n (l 20 , ω 2 , v) the total length of the corresponding twin needles' interface ∂Ω
), (2.12) where the infimum is taken among all the possible minimizing sequences {u
} ⊂ U n (u n ; Ω 2 ) of the problem (2.11). By a change of the integral variables, we have the following scaling relations [16] 
For given surface energy density e s and the size of Ω 2 : l 20 > ω 2 > 0, the total potential energy of the twin needles is given as the sum of the elastic energy E 2n (l 20 , ω 2 ) and the surface energy e s l 2n (l 20 , ω 2 ). Similar results can also be obtained for the twin needles of Martensite-1.
2.3.
Total energy of Martensite-1 and Martensite-2 laminates. The total energy of the Martensite-1 and Martensite-2 laminates includes four parts: the elastic energy of the twin laminates, the elastic energy of the twin needles, the surface energy on the interfaces of the twin laminates and the surface energy for the twin needles. More precisely, taking the Martensite-2 laminate with the total length l 2 and needle length l 20 and twin width ω 2 as an example, we can write the total energy on a twinned layers of the Martensite-2 laminate as [16] 
where e s is the surface energy density and
is the elastic energy density of the martensite variants at temperature θ. Since on a unit length in n(α) = n pairs of the twin layers, by (2.15) and the scaling relations (2.13) and (2.14), the total energy of the corresponding Martensite-2 laminate on per unit width in n(α) direction can be written aŝ
2 is the so called the characteristic length of the needles. By the energy minimization principle, for a given specimen of Martensite-2 laminate with total laminate length l 2 , the twin width ω 2 and the minimizing characteristic needle lengthl 20 are given by the solution of the following problem 17) where τ > 0 is a constant depend loosely on the elastic properties of the crystal. 18) and thus the minimizing energy of Martensite-2 laminate has the form
Proof. Since (l 20 , ω 2 ) minimizes the energyÊ 2 (l 2 ,l 20 , ω 2 ), we have, by (2.16),
and thus the theorem follows.
Similarly, for Martensite-1 laminate, we havê 20) and
For sufficiently small surface energy density e s , ifl i0 , i = 1 (or 2), is a solution to the following minimization problem (see [16] )
2.4. Elastic energy in the boundary layer. The energy on the specimen's boundary is also an important part of the total potential energy in determining the length scales of the second order laminated microstructure. In our model, the hard boundary condition, i.e. the Dirichlet boundary condition, is used, thus the energy on the specimen's boundary is given by the elastic energy defined on a boundary layer of the specimen. Since the first order laminate is periodic in the direction n(β), for simplicity, we consider a rectangular specimen with its sides either parallel or perpendicular to n(β) and the length in n(β) direction being a multiple of the period (i.e. the twin width 2ω) (see Figure 3) . Thus we only need to compute the boundary layer elastic energy for a twinned layers of the first order laminate on the part of the specimen's boundary which is parallel to n(β).
Taking a layer of Martensite-2 as an example, we show how the boundary layer elastic energy is computed. Let Ω 2b be a rectangle centered at 0 with one pair of sides Ω ± 2b , of which the length is 2σω, parallelling to n(β) and the length of the other pair of sides Ω 2b± is ν (the width of the boundary layer). Let the boundary condition of u(x) be given by
Notice that on Ω 2b± the macroscopic deformation of Martensite-2 is imposed. This approximation is reasonable and necessary in computation, since ω 2 << ω. Now, the corresponding boundary layer elastic energyẼ 2b (2σω, ν) can be obtained by solving the following problem find u ∈ U (u b ; Ω 2b ) such that
(2.23)
The boundary layer elastic energyẼ 1b (2(1−σ)ω, ν) corresponding to Martensite-1 can be obtained in the same way.
The average boundary layer elastic energy of Martensite-1 and Martensite-2 in the boundary layer with length ω (in the n(β) direction) and width ν is given byẼ
By a change of the integral variables, it is easily seen that the scaling relatioñ
holds for all ω > 0 and ν > 0.
2.5.
Energy of second order laminated microstructure. For a given square specimen of a second order laminated microstructure with its sides of length l either parallel or orthogonal to n(β), the total potential energy is the sum of the total energy of Martensite-1 and Martensite-2 laminates and the elastic energy in the boundary layer, that is
where 2ω is the twin width of the first order laminate, and Hence, by (2.26) and the scaling relation (2.25), the average energy density of the corresponding second order laminated microstructure is given bȳ
is the characteristic boundary layer width. Define
Denotev(ω) the minimizer of the following problem
Now, for given specimen's length l and the surface energy density e s , the average energy density of a second order laminated microstructureĒ T (l, ω,ν(ω)) can be viewed as a function of the first order laminate's twin width ω. Thus, the energy minimizing principle leads to the consideration of the problem
2.6. Length scales of second order laminated microstructure. The length scales of the second order laminated microstructure, that is the twin width ω of the first order laminate, the twin widths ω 1 and ω 2 of the second order twin laminates of Martensite-1 and Martensite-2, should be taken so that the average energy densityĒ T (l, ω,ν(ω)) is minimized. Hence, to study the scaling law, we need to recover the the average energy densityĒ T (l, ω,ν(ω)) as a function of the specimen's dimension l, the surface energy density e s and the twin width ω. For given (l, e s , ω) with e s sufficiently small, by (2.28), the function can be evaluated by solving the problems (2.22) and (2.29) using the functions
andẼ ib (1,ν) (i = 1, 2) obtained by solving the corresponding minimization problems for needle structures and boundary layers (see (2.11) and (2.23)).
In computation, the functions E in (l i0 , 1), l in (l i0 , 1) andẼ ib (1,ν) (i = 1, 2) are approximated by data fitting using numerically obtained discrete sample data
. Substitute these approximate functions into (2.22) and (2.28), the functionĒ T (l, ω,ν(ω)) can be evaluated approximately, and the length scales can then be obtained by solving the problem (2.30) numerically using, for instance, the golden section method.
Numerical Experiments and Results
In our numerical experiments the following Ericksen-James type two dimensional energy density Φ(∇u(x), θ) Φ(C, θ) for elastic crystals is considered:
where For simplicity, in our computation, we take λ = 0.5, µ = 1 and σ = 0.5, thus there is only one martensite variant (no laminated structure) in Martensite-1 and we only need to consider Martensite-2.
Let Ω 2 be a parallelogram as shown in Figure 4 with ω 2 = 0.1 and the sample characteristic lengthl 20 varies from 7.5 to 25. Let the initial mesh be a uniformly distributed "English flag" shaped mesh introduced by N × M lines parallel to the sides and (N + M )/2 lines parallel to each of the diagonals. The initial mesh is introduced by taking M=N=8, and is refined by a factor of 2 whenever it is necessary. Let Ω 20 , Ω 21 and Ω 22 be a decomposition of Ω 2 as shown in Figure 4 with the area of both Ω 21 and Ω 22 slightly greater than one eighth of the area of Ω 2 , and let the initial deformation u 0 (x) be given in the following way 2) where N is the set of all the nodes of the mesh and u n (Ω 2− , Ω 2+ ; x j ) is the linear interpolation of u n (see (2.9)) along the direction n(β).
To compute E 2n (l 20 , 1) and l 2n (l 20 , 1), the mesh transformation method [15] is applied to the problem (2.11), and the discrete minimization problem thus produced is solved by the conjugate gradient method. The idea of using the mesh transformation method is to let the mesh distribution to be involved into the minimization procedure so that the bending needle structure can be better resolved by the mesh lines on a relatively coarse mesh. The numerical results of E 2n (l 20 , 1) and l 2n (l 20 , 1) at some sample characteristic needle lengths are shown in table 1. Using the quadratic and cubic polynomials as the approximating functions for E 2n (l 20 , 1) and l 2n (l 20 , 1) respectively, by applying the least square method, we have , and the corresponding numerical results are shown in Figure 5 , where the numerical data in table 1 are marked by the * s and the approximate polynomials (3.3) and (3.4) are shown in solid lines. Similarly, We can establish the approximate function ofẼ b (1,v) . From the numerical results ofẼ b (1,v) shown in Table 2 , we see thatẼ b (1,v) is very large (1,v) can be constructed in the three intervals. In Figure 9 , where the data in Table 2 are marked by * s, the numerical result of the approximate function to E b on the interval [0.3, 0.8] is shown, which is a linear functioñ . Using the approximate functions given in (3.3), (3.4) and (3.5), for any given ω, we can easily find, by solving the problem (2.29) with a 1-dimensional search, the approximate minimizing characteristic boundary layer widthν(ω), which is always found to be in the interval (0.4, 0.8) in our numerical experiments. With the above preparation, we are now able to compute, by applying a 1-dimensional search, the numerical solutions to the problem (2.30) and thus the length scales for the second order laminated microstructures. In Table 3 , the numerical results on the twin width ω of the first order laminate and the twin width ω 2 of the second order laminate (Martensite-2) and the average energy densitȳ E T of the corresponding second order laminated microstructure, for the surface energy density e s = 10
and various sample lengths l, are shown. Furthermore, 
where C 1 is approximately a constant which in our case is about 43.8.
Recalling that the Martensite-1 is in this case a pure martensite variant and the average total energy density of the second order laminated microstructure is of the form E T (l, ω,ν(ω)) = Φ θ + [2(2 l 2 (ω) E 2n (l 20 (ω), 1) − Φ θl20 (ω))e s Thus, by minimizing the right side of (3.7), we obtain the approximate scaling law for ω and the minimum average energy densityĒ T : , C 52 = −0.75 in our case, which tend to constants exponentially as e s goes to zero. In Table 4 , some numerical results on C 4 and C 5 are shown. The numerical results on the relations between the twin width ω, the average energy densityĒ T and the sample length l for the surface energy density {e Average Energy Density Sample Length Figure 11 . The relation betweenĒ T and l for various e s .
As a conclusion, by (3.6), (3.8) and (3.9) , we have the following cubic rule for the scaling law ω ≈ C 4 (l 
